


&Last time

Ihe Canter' : For all X
, #2*#X.

&f : Suppose F : X+ 2X is a sors.

The for XEX
, F(x) is a function

* -> Epis which we devel by Ex .

Define



an eleat g : X - Es13 of 2x

as follows

g(x) := 1 - fx(x)

Note the that & F &x for

an xeX as g(x) = 1 - (x(x) = fx(x) .

This
, ge2-F(X) , D



AB: Recall that there is a bij

P(X-2X given by S11s who

#s(x) =51i XTS
Recall from last time we showed that for

a suj. F : X-+ D(X)
,
on we built



a Weird Set

S = ExEX : x q F()eP()

in P(X) - F(X). The relationship bet

this S and the above g
is

8 : Is A



Cardinalityof IR our CH
Exercise

Prop: #R = 25 := #P(IN)·goNea
If : By Schroeder-Bernstein there STS that

#R 2 and % #R .

#Ie Note that as #D=Me



the # P(Q) = 2%. So
,
Sis 5

irj . R + PCQ). But such an inj. is

IR-P(b, 1 See : 3.

2)#R:DefineR, CENT)He



This is injective : assume Ag
,

WTS :

↳
Let R = minEn : Aclfgii3 .

WLOG flargate
The

,

&
n =R+

I
-SantR yut



=r-en . F
= Gret
-tri

TO D
So
, by Cantor's theorem

To
J=x 2 ==, 2 =32.



Il

#R
But , also

To i SmartGre =

Contiumhypothesis: = J. = R

The (Cohul : If ZFC are the usual axims

of Set thery Muth) then 5



1) some axious A S .t in EFJUA

the CH is true,

2) Some axioms B S.. in EFCUB

the CA is false.



&Transcendental numbers

Definition: the Set & of algeria

Ander is

= Exec :
X is the root

Sof a Nr-zero

poly 2/ rational creffs



2g) · D D
· EFQ

,
rest of X-2

· Cos (1) EE
,

root of

8X3 - 4x - yX + 1



Definition: The Setofascedental Numbers

T := C - E

& Is i empty
A No-be it is really- how to prove

any number you suspect is in It is ii.



E.
%:_ (Hermite , 1873)

: e is transcendental

Eg= (Lindeman , 1882) :
It is transcenderal

& (5th Century10) : Is it possible to

construct aSquare whose area is the

Same as the Unit Circle ?

- i. e ., is it possible to construct a



live
segment of length I ?

Instruct: Starto
9) an idealize
Straighteye

+o a prese

compass

a line segment is constructible if you can



more it using this setup in finitely was steps

Eget is construction

#



Eg+ I is constructible

#
T (Lindean , 1882) : You cannot square the circe



P :

Step1 (Hermites thu , 173) : e is transcoetal

Step2 <Lindemann - Weierstrass thr, H82):If X

is an algebraic number the e is transcei ,

Steps (Eve , 1740) : eit = -

Step4 (Step 2 + Step37 : If It was algene

then it is algebraic
,
So by Linderan- Miss



eit is trasandeful but - or 1 is

Not transcutaeti Contradiction ,

StepE(Galois - Wantzel , 1837) : A number

XEK is constructive iff it can de

Obtained from elevents of Q by itrute

applications of +, -, *, ,
↑



Step 6 : All these constructible muby

are agebraic So as N ,T
So it is not constructible

. D

Opequestion: IS etWeD ?



# : I is countable
,
but 4 isincantale

,

ergo "most" numbers one transcendental .

heat Let X be a set and

ESiBiel be a collection of subsets

such that I and each Si is

countable. The, U Si is countable,
it I



# As I is countable the is

a Surg g : /N-I and as

each Si is countable Vi I are

Surjections fi : N + Si .

Conside

F : NIN- Usi
(m,1) fgcm) (h)



This is sug : let XenSi. The
XE Sio for some is . As g is Surj

=) mee I S ..) game) = ic ,
ar as fioNsio

is SurjI me IN Sit fie(n) = X . The

# (me
,
no) = fgcme (h) = fio (Re) =X .

But , we proved that NNXN is Contable,



this so is Si D

Lemma2 : For all nyl
, #D He -

If we proceed by induction .

&

Base Case : & is centall-] bij
·

t : -N
-1

11

eCase (N=2) :



Observe we have alreds shower that I bij
Constructed
provid-(ly⑫ NE I - R

I: Assume #R=No .

Then oran

& bij

&M_x D
*

XQ=

So #D=T.



#of The : Note
Rap, ---, a)
jj

& =NEE
roofs of 3Get a, X + --+de X

As D is cortable by Lavad
,
an

RCas , ..., an) we deduce film Lenval thy

Sin
-..a) ERH

Ray --,)



isCountable for all n . Se , a

N is Cirtule and even So is

Cartou

= Now Su
is again countable G Lum 1 i



Th: IC & is urcountable ·

Pf : Assure not
, the as

C = Dvπ

and I is countable we see

by lenmal thatI is confable.



But
, D2D · Centradiction D


